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Euler Calculations for Multielement Airfoils
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A finite volume formulation for the Euler equations using Cartesian grids is presented and used to study com-
plex two-dimensional configurations. The formulation extends methods developed for the potential equation to
the Euler equations. Results using this approach for single-element airfoils are shown to be competitive with,
and as accurate as, other methods that employ mapped grids. Further, it is demonstrated that this method pro-

vides a simple and accurate procedure for solving flow problems involving multielement airfoils.

Introduction

HE need to satisfy the boundary conditions exactly led to

the development of body-fitted coordinates.! Such coor-
dinates are difficult to generate for complex bodies. Even
when they are generated, one has to contend with singularities
that require special treatment. Further, when patching tech-
niques are employed, one has to develop adequate interpola-
tion schemes at the various grid boundaries. The introduction
of finite volume techniques made it possible to satisfy the wall
boundary conditions exactly (in an integral sense), irrespective
of the shape of the boundary.?? However, the success of such
methods requires elements with smoothly varying sizes and a
minimum of skewness. In an effort to avoid the above prob-
lems, Purvis and Burkhaiter,* and later Wedan and South,’
solved the two-dimensional potential equation using a finite
volume formulation and Cartesian grids. The simplicity and
utility of the method was demonstrated in Ref. 5 by
calculating external flows past lifting and nonlifting bodies for
a wide range of Mach numbers and for two-dimensional and
axisymmetric internal flows.

The objectives of this work are threefold. The first is to
show that the methods of Refs. 4 and 5 for the solution of the
potential equation can be extended to the Euler equations us-
ing simple procedures. The second is to show that the solution
of the Euler equations using this approach is competitive with,
and as accurate as, other methods that employ body-fitted
grids. Finally, it is demonstrated that the method is capable of
solving problems involving multielement airfoils.

There is a major difference in the implementation of bound-
ary conditions between the Euler equations formulation and
that of the potential. This is a result of the appearance in the
Euler formulation of a wall pressure term that has to be
specified in terms of the other flux terms before one can start
the calculations. Because of this, the solution process cannot
be marched through the body as was done in Ref. 5.
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The method developed here can be employed with any
number of existing algorithms for the calculations of the Euler
equations. It is generally acknowledged that the algorithm
developed by Jameson et al.,® which employs a Runge-Kutta
time stepping scheme is, at present, one of the most efficient
algorithms. The procedure employed here makes use of a
similar algorithm. The code developed does not employ
multigrid or any of the recent improvements developed by
Jameson and Baker.”? Thus, the comparisons made here for
single-element airfoils employ the version of FL052 described
by Salas et al.®

Analysis
Governing Equations
The Euler equations in two dimensions can be written as

%Jr%Jr—(%g—: 0 1
where x and y are the Cartesian coordinates and
w= [p, pu, pv, pE]" @)}
JS= lLpu, pu* + p, puv, puH]' (3
g=[pv, puv, pv* + p, pvH]" @

The quantities p, p, 4, v are the density, pressure, and velocity
components in the x and y directions, while £ and H are the
total energy and total enthalpy per unit mass. For a perfect
gas,

E=[p/(y~Dp] + %2> +0%)
H=E+p/p

p = RpT (5)
where T is the temperature, R the gas constant, and v the ratio
of specific heats.

The integral form of Eq. (1) for a region  with a boundary
S can be written as

a
—Sn wdxdy + (&S(fdy«gdx)zo (6)

ax
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The above equation is applied to a cell designated (7, j) of the
type indicated in Fig. 1, with the result that the continuity and
x-momentum equations can be written as

P 4
—(3—(ph),;,-+ E [kak]i.iZO )
¢ k=1
3 4
E(Puh)u + l;l Lot Qp + AViDi 14 ®)

where 4 is the area of the cell and
Qr = Ay iy — Axoy )]

is the flux velocity. The energy equation has a form similar to
that of the continuity equation, while the form of the y
momentum is similar to that of the x momentum.

Each flux quantity appearing in Eqs. (7) and (8) and
similar equations is evaluated as the average of the values in
the cells adjacent to the face. Thus, properties along the face
separating cells (/,/) and (i + 1,/) are given by

we = YVa(W;;+ Wi e (10)

As a result of this, the governing equations can be
represented as

dw;
— -+ Fy/hy=0 (11)

For a Cartesian grid with equal cells, the above representa-
tion corresponds to central differencing. As is well known,
this results in even and odd point oscillations and in over-
shoots near shock waves. To suppress such a behavior,
Jameson et al.® introduced second- and fourth-difference
dissipation terms. The dissipation terms employed here are
the same as those used in Ref. 6 for the interior cells. At the
boundaries, the modification developed by Salas et al.? is
employed.

With the introduction of the dissipation terms, the govern-
ing equations can be written as

dw
T+R(W)=O (12)

where
R;=(/h)(F; - Dy) (13)

with D;; being the dissipation term. The Runge-Kutta step-
ping scheme employed here is that employed in Ref. 8, i.e.,

witl=ywm 14
with
w"=w" —qa, AIR,, | (15)

For a fourth-order method, m=4 and

o, Oy 03, 0ty =1/4,1/3,1/2, 1 (16)
R, =F7-DY/h;, wo=w" an
Boundary Conditions
The eigenvalues of A, where
A=0af/0w (18)

are u, u, u+a, u-a, with a being the speed of sound. Thus,
at a subsonic inflow boundary, x=const, three eigenvalues
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are positive and, therefore, three flow properties should be
specified and the fourth should be extrapolated from the in-
terior. On the other hand, at a subsonic outflow boundary,
three properties are extrapolated from the interior and the
fourth is specified. For supersonic flow, all eigenvalues are
positive and, thus, four properties have to be specified at in-
flow, while at outflow all properties have to be extrapolated.
To determine which properties have to be specified and
which extrapolated, the scheme employed in Ref. 9, which is
based on the method of characteristics for a one-dimensional
unsteady flow, was employed. Thus, for a subsonic bound-
ary, x=const, the Riemann variables, G, G, along the in-
coming and outgoing characteristics can be written as

Go=tle, — [2a,/(y— D] =uy — [2a,/(y = D] (19)

Go=u,+ [2a./(y— D] =1+ [2a,/ (v - 1)] (20)

where b designates the boundary, o the freestream, and e an
extrapolated condition. It follows from Eqs. (19) and (20)
that

u,=(G,+ G2, a,=(y—1)G,—G.)/4 (21)

At an inflow boundary, the tangential, or y, velocity compo-
nent and a thermodynamic quantity, such as the entropy, are
prescribed from the freestream values, while at an outflow
boundary these quantities are extrapolated from the interior.

The no-flow boundary condition at a solid surface can be
written as

v-n=0 (22)
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Fig. 2 Boundary flux cell.
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where v is the resultant velocity and » is the unit normal. If
one considers a boundary cell such as the one indicated in
Fig. 2, then Eq. (22) can be implemented exactly if one sets
for the side that coincides with the boundary

r=0and p=p, 23)

As a result of Eq. (23), one must express p, in terms of the
other flow variables before commencing with the numerical
solution. In this work we experimented with extrapolation of
p, from interior points and with its evaluation from the nor-
mal momentum equation

ap
an

where g is the tangential velocity and « is the radius of
curvature.

The manner in which p, was calculated will be discussed
with reference to the sketch indicated in Fig. 3. As an il-
lustration, let us consider point 3. When the pressure is
determined by extrapolation in the y direction, one ex-
trapolates the values of the pressure at 1 and 2 to the y level
of point 3. Calculations based on Eq. (24) are more in-
volved. Equation 24 can be written as

= —~pq?/k at the wall 24

9 3
- sin0—ax£ + cosea—;’ = — pqt/xk ©5)

where tan 6 is the local body slope. Equation (25) is then
solved for dp/dx or dp/dy, depending on whether [tan 1 =1.
Thus, if ltan 81 <1, Eq. (25) is written as

ip 1
3y cos 6

<Sin Gﬂ —pg?/ K) (26)
ox

A one-sided difference is employed to express dp/dy and
dp/ax. Thus, for point 3, points 2 and 3 provide the desired
representation for dp/dy. The flow properties p and g are
determined by extrapolation using points 1 and 2, while
points 2 and 4 provide a representation for dp/dx; 6 and «
are determined from the airfoil geometry.

Geometry
The area of a cell is given by (see Fig. 1):

h=Y(S.S,+S,D,+S,D, -D,D)) 27
where
S,=8;+8;, S5,=8;+5,
D, =18;-5,1, D,=18,-5,I (28)

The above equation is valid for all rectangular cells and cells
intersected by the body, provided the lengths of cell sides
contained completely within the body are set equal to zero.
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Fig. 3 Sketch of grid in the neighborhood of airfoil.
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Fig. 4 Comparison of calculated pressure distribution with poten-
tial solution (M =0.5, a=0).
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Fig. 5 Comparison of calculated pressure distribution with FL052
(M=0.8, a=0).
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Fig. 6 Comparison of calculated pressure distribution with FL052
(M=0.3, a=10 deg).
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Fig. 7 Schematic of a biplane configuration.
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Fig. 8 Comparison of C, for ground effect and biplane configura-
tion (M=0.5, «=0).

As is discussed below, it is necessary to cluster grid points
in certain critical regions of the flowfield. A spline routine is
used to provide a representation of the airfoil and to locate
the points of intersection of the grid and the airfoil surface.
Because of the manner in which the area of cells is deter-
mined, the lengths of cell sides adjacent to the body are
modified to include only the portions exterior to the body.

For a body of arbitrary shape, the body-grid intersections
may yield cells of small areas adjacent to cells of large areas.
If one advances the solution in time based on a local time
step, then such an arbitrary distribution of cell areas may
result in instabilities. To avoid this problem, small cells such
as cell ABC in Fig. 3 (less than 25-50% of a neighboring cell)
are incorporated into adjacent cells away from the body.

Results and Discussion

In all the results presented here, p, was calculated by
second-order extrapolation in the y direction. The first case
tested consisted of an NACA 0012 airfoil, at various Mach
numbers and zero angle of attack, using a coarse grid
(68 % 39) with equal cells around the airfoil. Beyond the air-
foil, the coordinates were stretched according to a formula
of the type

Xip1 =X+ (x;—x;_1)x1.25

The outer boundaries were placed about 10 chord lengths
away from the airfoil. Comparisons were made with the
results of Ref. 5 and FL052S, which is the version of FL052
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PRESSURE

Fig. 9 Pressure contours for a staggered biplane configuration
M=0.7, a=0).

described in Ref. 9. Because FL052 uses body-fitted coor-
dinates, it was not possible to match grids exactly for the
cases compared. Thus, all comparisons with FLO052S
employed grids that yielded the same number of points on
the body.

Figure 4 compares the predictions of this method with
those of Ref. 5 for M=0.5 and «=0, where M is the
freestream Mach number and « is the angle of attack. Figure
5 compares our results with F1.052S for «=0 and M=0.8.
The drag count for FLO52S is 84, while the corresponding
number for the present method is 156. This is due to the lack
of resolution at the leading and trailing edges. The present
solution resolves the shock better because the grid is finer
than that of FLO52S there.

Coarse grids and equal cell sizes around the body were
found to be inappropriate when one tries to calculate
flowfields at high angles of attack. Fine grids and grid
clustering is required for such cases; otherwise, it is not
possible to satisfy the Kutta condition. Figure 6 compares
the prediction with that of Ref. 9 for the case of =10 and
M=.3. Again, good agreement is observed. The grid
employed in this case is 78 x 47. The drag count for FL052S
is 218, while the present method gives 241. This demonstrates
that the discrepancy in the drag count indicated above for Fig. 5
is solely a result of lack of clustering around the leading and
trailing edges.

Now that the first two objectives of this work have been
demonstrated, we proceed to show the manner in which the
third objective, namely, calculating flowfields past multiele-
ment airfoils, has been achieved. In an effort to verify the
feasibility of the approach, calculations are presented for
M=0.5 and a=0 for the biplane configuration indicated in
Fig. 7. As a first step, calculations were carried out for the
upper half of the configuration, i.e., for a single airfoil
placed about half a chord from the ‘“‘ground,” or wall of
symmetry. Later, calculations were carried out for the com-
plete configuration. Figure 8 compares the pressure distribu-
tion for the two geometries. It is seen that identical results
are obtained.

The next case considered is that indicated in Fig. 9, which
shows a staggered biplane configuration, together with
pressure contours for M=0.7 and o=0. The pressure
distributions for the individual airfoils are shown in Fig. 10.
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Fig. 10a Pressure distribution en forward airfoil of Fig. 9.
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Fig. 10b Pressure distribution on aft airfoil of Fig. 9.
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Fig. 13 Schematic of a von Karman-Trefftz airfoil with flap.
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Fig. 14a Comparison of calculated pressure distribution on flap
with (compressibility-corrected) exact incompressible solution
(M=0.5).
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Fig. 14b Comparison of calculated pressure distribution on airfoil
with (compressibility-corrected) exact incompressible solution
(M=0.5).

Although the flow is subcritical for a single NACA 0012 at
M=0.7 and «=0, a shock forms between the two airfoils.
The strength of the shock is dependent on the relative posi-
tions of the two airfoils. It is interesting to note that, in spite
of the shock formation between the inner surfaces, the
pressure distributions on the outer surfaces are similar to
those of the single airfoil.

The next case considered is that of the canard configura-
tion indicated in Fig. 11. Both the canard and main airfoil
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are NACA 0010 sections. The pressure distribution for
M=0.5 and «=1 deg is shown in Fig. 12. Again, the results
appear to be reasonable.

The final case considered is that of a von Kdrméan-Trefftz
airfoil with a flap, as shown in Fig. 13. The pressure
distribution indicated in Fig. 14 is for a zero angle of attack,
a flap deflection of 10 deg, and M=0.5. An exact calcula-
tion for this configuration for incompressible flows was per-
formed by Williams.!® The results in Fig. 14 are compared
with those of Ref. 10 after incorporating the Prandtl-Glauert
correction to allow for the effects of compressibility. Good
agreement is indicated. The discrepancy indicated around the
leading edge of the main airfoil is a result of the coarse grid
there.

Concluding Remarks

The work presented here confirms the findings of Wedan
and South regarding the simplicity and utility of using Carte-
sian grids in conjunction with a finite volume formulation
for the solution of a variety of fluid flow problems. The
many applications presented here demonstrate the accuracy
and robustness of the method. Although a Runge-Kutta
time-stepping algorithm was employed, the method can be
used with other algorithms.
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